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TECHNICAL NOTE 3873 -

TABLES OF CHARACTERISTIC FUNCTIONS FOR SOLVING BOUNDARY -
VALUE PROBLEMS OF THE WAVE EQUATION WITH APPLICATION
TO SUPERSONIC INTERFERENCE

By Jack N. Nielsen
SUMMARY

Tables sre presented containing 69,000 values of a set of charac-
teristic functions which first arose in problems of supersonic wing-body
interference. The tebles are useful in problems of supersonic flow
involving aerodynamic shapes which are wholly or in part quasi-cylinders
of nearly circular cross section. A number of uses are described in the
aerodynamics of bodies alone, body-body or shock-body interference, wing-
body interference, and vortex-panel interference., Three illustrative
examples are worked out in detall. First, the pressure field due to
fuselage indentation is calculated and presented in & form independent
of Mach number. Secondly, the tebles asre applied to & problem involving
a previously unpublished solution to the Navier-Stokes equations; neamely,
the boundary-leyer profiles of a circular cylinder moved impulsively with
a constant axial force in a viscous incompressible fluid., In the final
example, the wave drag of corrugated circuler cylinders is calculated as
a function of the number of corrugetions and their wave length. Several
nonaerodynamic epplications are pointed out in the fields of acoustics
and heat conduction. Generally speaking, the tebles are applicable to
boundary-value problems of the second kind involving the wave equation
in three dimensions with approximately circular cylindrical boundaries
or involving the unsteady heat-conduection equation in two space dimensions
with nearly circular boundaries.

INTRODUCTTION

Many supersonic airplene and missile srrangements employ bodies thet
approximate circulasr cylinders, so-called quasi-cylindrical bodies of
almost circular cross section. A simple numerical method is given in
reference 1 for calculating the flow fields due to such bodies or due to
interference between them and other aerodynamic shapes. The method, which
is based on linear theory, involves & set of cherscteristic functions of
two variables. Design charts of a number of these functions are included
in reference 1, but only enough functions are included to solve the
particular interference problem congidered there.
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Plans to calculate an extensive set of tables were announced in I
reference 2, The tables have now been compiled and it is the primary .
purpose of thils paper to present them. It is, however, beyond the scope
of the present paper to discuss in detail the mathematical techniques T
used to calculate the functions. It is an additional purpose of this
report to illustrate the use of the tebles by applying them to certain
problems which have not hitherto been calculated. These problems are
the determinations of the pressure fleld due to an indented body; the
viscous, incompressible, laminar flow for a circular cylinder moved
impulsively with constant axisl force; and the wave drag of corrugated
bodies. Finally, a number of other possible aspplications of the tebles
are pointed out.

The set of tables has been compiled by Dr. Willism A. Mersman end
Mr, Stewart Crandall of the Ames Aeronautical Laboratory, using methods
developed by them for use with automatic computing machinery, The suthor
would like to acknowledge thelr considersble contributione to the present
paper as well as the work of Mr. Fred Goodwin in editing the tebles.

SYMBOLS .-
a meen radiuvs of gquasi-cylindrical body of nearly circuler cross T
section -
c wing chord at wing-body juncture, local chord of tail panel .
c¥* L
Be
c1 section 1lift coefficient for tail panels
Col®) arbitrary function of s o
CD2 drag coefficient of corrugated hody based on body plan form
and assuming local two-dimensional flow ;
Cpg drag coefficlent of corrugsted hody based on body plen form
and assuming three-dimensional flow
Dy wave drag of body o E o .
X
erf(x) error function, 'Ji— f e~*Zax : »
LAV -

erfe(x) complementary error function, 1 - erf(x) {
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Fn(s)
&n (%)
h
H(t)
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Km
1

L-l
Lp(v)

Lr(v)

Yo

velocity amplitude function for cos m9 distortions
Laplace transform of fp(x)

velocity amplitude function for sin mg distortions
amplitude of corrugation

Heaviside step function; H(t) = 0, t < 0; H(t) =1, t >0

Besgel functions of first and second kind, respectively, of
order

modified Bessel funetion of second kind of order m

body length

inverse Laplace operator

1ift on body due to vortex

1ift on tail panels due to vortex

order of characteristic function, number of Fourler harmonic
free-stream Mach number

gsecond set of characteristic functions of reference 6
summation index, number of corrugations

free-gstream static pressure

local static pressure

Pz - P

pressure coefficient, T

pressure coefficient for axially symmebtric body, m = O
loading coefficient for body-tail combination
free-stream dynamic pressure

radial distance from body center line

local radius of quasi-cylindrical body of almost elrcular
crosgs section
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Wm(x:r)
Wy * (x)

Wy a(x),
Wa/ 2(x)

X,r,0

b3

B
Bl

ay

5*

n*

z
a

complex varisble of plane of Laplagg_p;ansforms
body plan~form ares

plan-form area of tail panels

time

free-gtream velocity

fluid velocity parallel to axis of cylinder
Leplace transform of w

characte?istic function of order n

characteristic function of reference 8
characterlstic functions of fractional order

cylindrical coordinates, figure 2

X
ga

body angl? of attack

tall angle of atitack

angle of atiack due to vortex
M2 -1 .

amplitude of body indentation
o)

a

X~ + 1

X¥% - r¥ 4 1

polar angle, figure 2

wave length of corrugation
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Am 2%, m =0; x, m £ 0 but integral

v absolute viscosity

v kinematic viscosity

13 dummy variable of integrstion

T streamwise slope of surface of quasi-cylindrical body

To shearing force per unit area acting on circular cylinder
. %

p(x,r,6) potential in physical plane

o(s,r,0) ILaplace transform of ¢(x,r,0)

THE CHARACTERISTIC FUNCTIONS

History of Functions

In reference 3, Lighthill, while studying the pressure distribution
on quagi-cylindrical bodies of revolution, introduced s hitherto untabu-
lated function Wo(x,l) which occurred in his formula for pressure coef-
ficient at the body surface. (The quantity x corresponds to streamwise
distance, and the quantity 1 Indicates a radial distance of wnity corre-
sponding to the body surface.) ILighthill ascribes his tabulated values
to the Admiralty Computing Service {ref. &) who did the work at the
request of G. K. Ward. Ward also presents the values in his paper on
quasi-cylindrical flow, reference 5. The higher order functions Wg(x,l),
Wo(x,1), We(x,1), Wa(x,1), and Wio(x,1) were introduced by Nielsen in
reference 6 in connection with a calculetion of the interference pressure
field of a rectangulaer wing and body combination at supersonic speeds.
These higher order functions, which are natural extensions of Lighthill's
original Wo(x,l) function, were computed to engineering accuracy using
Fourier transforms. They are necessary whenever the configuration is
not axially symmetric. While Nielsen required only even-ordered functilons
in reference 6, Phinney in reference 7 found it necessary to evaluate
Wi(x,1) and Ws(x,1) to determine the pressure field acting om a stresmwise
circular cylinder intersected by an oblique-plane shock.

In the foregoing examples the Wm(x,l) functions were used strictly
for calculating quantities on the body surface. A multipole method was
given in reference 6 for calculating the pressure field away from the
body surface. Since certain difficulties in this method motivated the
present tables, let us consider the method briefly. The multipoles were
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placed along the body axls in proper strength to give the right body
shape (and, hence, pressure) at the body surface. First, the strength
distributions along the body axis were found with the help of a second
set of functions M,(x), Ma(x), etc. Then the external pressure field
was found by numerical integration from the strength functions. The
first disadventage encountered was that the strength functions contained
singularities. These singulerities, although integreble, complicated the
numerical integratione of the second step. An additional disadvantage
wag that as the order of the multipoles increased, the pressures became
the difference of two lerge numbers so that the accuracy of the calcula-
tlions deteriorated. To overcome these two disadvantages, a new method
was developed based on a more general set of functions, Wm(x r). With
these new functions, it is as easy to compute the pressures off the
body as those on the body. The practlcability of calculating tables of
the Wgy(x,r) functions was due directly to the avallsbility of automatic
computing machines for the purpose. B

For completeness in the historicel dlscussion of the functions, it
should be noted that Randall (ref. 8) has published a set of character-
igtic functionse closely related to the set of functions published in
reference 6. If Randall's functions are designated by Wp*(x), they are
related to the functions of reference 6 by the following formula:

X
Wp*(x) =1 - f Wn(g,1)ag (1)
I
Randsll's table lists Wo*(x), W *(x), . . . Wio¥(x) for the fairly coarse

interval of 0.2 In x.
Method of Calculations

The Wy(x,r) functions are defined as the inverse Laplace transform
of a function containing modlfied Bessel functlons of the second kind.

Wp(x,r) = L'l[es(r’l) Kn(er) + L (2)

) )

The present tables have been calculated from this equation by the
use of three methods of calculation particularly adapted to automatic
computation., The three methods are:

1, Power series in x with coefficlents depending on m and r.

2, Integral-equation methods.
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3. Characteristics using finite difference equations.

Other methods which have been used by the author and others for determining
Wn(x,r) functions include:

k., Numerical evalustion of Fourier integrals.
5. Asymptotic series,

6. Leplace inversion formula with a contour encircling the zeros
of Kp'! in the complex plane.

The ranges of the present tables cal- 10
culated by the first three methods
are shown in sketch (a). The power
series in x involves coefficients
which are functions of = and m,

For values of r from 1 to 10
enough terms of the series were cal~
culated to obtain the functlons out « Integral =

to x = 1.5 with considerable accu- el rethod.

racy for all vaelues of m. With the Methad of
initial values of the functlons so characteristics
determined, they were continued to 2/

higher values of x by the integral-
equation method and the method of Power series
characteristics, First, an integral- o W e w -
equation method was used, but the o o Te e e T8 T TT Tw T Tle

accuracy of the method deteriorated Sketch (a)
with increases in x and m., It was

thus decided to abandon the integral-equation technigue for higher wvalues
of m and develop the method of characteristics. After some unexpected
problems, this was accomplished, and that portion of the tables indicated
by "method of charsascteristics" was established.

Some mention of the last three methods seems justified on the
grounds of completeness even though they were not used for the present
tables, The Fourier integral technigue was utilized in establishing the Z
tables of reference 6. Asymptotic series involve the term-by-term inver-
sion of doubly infinite series of powers and logarithma,. As such they
are unwieldy for automatic computation, but a few terms calculated by
hand established the asymptotic behavior of the functions., This behavior
cannot be determined conveniently by other methods. The final method was
given in reference 5 as a formula for Wo(x). However, the method was
not then adaptable to the higher order W functions because the zeros
of Ky' were not known in the complex plene. In reference 8 these zeros
have been determined and have been used in calculating the tables of that
paper.
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Description of Tables

The tables of Wp(x,r) cover a range of the order m from 1 to 10.
The range of x 18 less for the higher order functions than the lower
order functions because they become smaller faster. The actual ranges
of the perameters x and r are:

m X . r )
0,1 0 to 10 1, 1.1, 1.25, 1.5,
2,3 0 to. 7 2.0, 3.0, L.0,
4,5,6,7,8,9,10 O to 5 6.0, 8.0, 10.0

The interval in x is 0.0l. This interval permits accurate numerical
integration with respect to x throughout the entire table. The values
of r are not uniformly spaced because the interference effects that
originally motivated the tables are most jmpowtant near the body, that
1s, for values of 1 close to unity. For this reason more values of =»
were included in the lower range. The tableg have eight places of deci-
mals for 0 < x < 1.2, six places of declmals for 1,2 < x < 1.5, and four"
places of decimals for 1. 5 < x.

Accuracy of Tables

In the calculation of the tables, an attempt was made to obtain the
functions accurately to four places of decimals. The success achieved In
this attempt depended on the method of calculstion as subsequently
discugsed under the various methods.

To insure that no obvious errors have entered the tables, differences
have been exemlned.to the fourth difference, For the range of m and X
within whick only one method of celculation was used, the differences
were smooth within the limits of round-off error, with few exceptions. -
In these exceptional cases the roughness was never greater than 2 in the
fourth decimal place, and the values have been adjusted so that they are
smooth. For most of the table it was necessary only to obtain the fourth
difference to assure smoothness in the fourth decimal place. However,
for small values of x and values of m greater then 3, it wes neces-"
sary to go to higher dlfferences before. rendom scetter was encountered.
At the transition at x = 1.5 from the power series to the method of
characteristics, the differences are not .smooth in the fourth decimal
place. The reason for this is subsequently explained.

Power series.- In the range of the tables covered by the power
geries, the values are accurate to 1 in the eighth decimal place for
0 <x <1.2 and to 1 in the sixth decimsl place for 1.2 < x < 1.5. This

b
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accuracy was achieved on the following basis. It was noted during the
calculation of the power serles that the retioc of the successive coeffi-
cients approached 1/2 independent of r or m. From this knowledge, an
upper bound wes established on the error incurred by terminating the
series at any particular term. The calculations were then carried out
for enough terms to hold the error within the previously stated limits.
The radil of convergence of the power series all appear to be 2.

Integral-equation method.- In the integral-equatlion method the
accuracy could not be determined on an ebsolute basis as for the power
Beries. In fact, the accuracy of the values calculated by this method
can be determined only by comparison with the values calculated by other
independent methods. (The practical decision to use an interval of 0,01
in x 1in solving the integral eguation is probably the most Important
factor in determining the accuracy.) The accuracy of Wy(x,1) function
can be assessed by compering the values of the present tebles with those
of reference 3.

Present tables | Reference 3
Wol(2,1) 0.1h5k 0.145k2
Wolk,1) .0590 .05896
Wo(6,1) .029L .02936
Wo(8,1) 0169 .01688
Wo(10,1) .0108 .01077

For Wb(x,l) the present tables are accurate to four decimals. For
values of r other than unity, the accuracy of the Wo(x,r) functions
can be inferred on the basis of the following argument. The first step
in the integral-equation method is to solve an integral equation numeri- |
cally for each value of m., The second step is to generate values of
Wn(x,r) for each value of r from the numerical solution. The primary
error enters in the first step. Therefore, if the values of Wp(x,r) are
accurate for r = 1, they will probably be accurate for sll values of r.

The accuracy of the present values of Wa(x,l) and W, (x,l) can be
assessed with the help of the results of reference 6.

Wa(x,1) W,(x,1)
X
Pizgiit Reference 6 Pizgiit Reference 6
3.4] -0.0821 -0.082 -0.0662 -0.068
3.6 -.0585 -.058 -.0348 -.035
3.81 -.0361 -.035 -.0012 -.003
ko| -.0166 -.017
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The comparlson shows that the present values are at least as accurate

as those of reference 6 which are accurate t9 1l or 2 in the third decimal

place. S : '

oRr "As the order of the function

increased, the accuracy of the
integral-equation method decreased.
The function Wg(x,r) is the high-

/ eBt one for which this method was
used. To gain some insight into

the sccuracy of the calculated

:
r

g

[-]

Ws(x, D¢ -Wslx, ign

equation method, the values were
0002 L L 1 L L 1 L L1 also compubted by the method of
' T ox ' characteristics for the range
: 1 <x < 2.8, The differences
Sketeh (b) between the values are shown in
sketch (b). They exceed 2 in the fourth decimal place in only a limited
range. It seems safe to conclude that the Ws(x,r) values are accurate
to about +0,0002, ' '

The deterioration of the integral-equation method in the case of
We(x,l) is 1llustrated in figure 1. Successive values osclllate about
‘the mean curve with an increasing ampliitude. The reason for this Insta-
bility is not known, BSince 20 decimals were carried in the calculations
i1t 1s not the result of round-off error. It could be due to outright
machine or human error, to too large an interval in x, or possibly to
the execltation of another solution of the inbegral equation.

One important characteristic of the integral-equation method and of
the method of characteristics made it possible to use them in calculating
the tables. Suppose that the precise variation of Wp(x,r) with x is
known. Generally the values calculated by elither of the foregoing methods
will 1le eilther below or above the true curve in a small neighborhood of
any perticuler velue of x. If the calculated values are continued to
higher values of x, they will tend to cross over the true curve and thus
osclllate about 1t rather than diverge from it.

Method of characteristics.~ The accuracy of the method of character-
istics can be inferred by comparison in the same manner as the integral-
equation method. (The accuracy of the calculations by the method of
characteristics was largely determined by the practical decision to use
a mesh size of 0.0l in x and r and to carry eight places of decimals
in the calculations.,) Comparison of the values of Wg(x,1), Wg(x,1),
and Wio(x,l) with those of reference 6 for x up to 3.6 shows that the
velues by the method of characteristics are at least as accurate as the
values of that reference; namely, 1 or 2 in the third decimsl place. A
comparison between the values given by the power series and the method
of characteristics in an overlapplng reglon sheds light on the accuracy.
To visualize the nature of this overlapping, one should note that the
power-series calculations were originally made for values of x wup to 1,

Jo001— . values of Ws(x,r) by the integral-
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and the calculations by the method of characteristics were joined on
smoothly at this point., Subsequently, the power series were extended
to x = 1.51, so that values of Wy(1.51,r) by two independent methods
are avalleble for comparison.

r =1 r = 10

Power Method of Power Method of

geries characteristics series characteristics
We(Ll.5L,r) | 0.52996 0.5295 -0.22151 -0.2213
W-(1.5L,r) 15987 .1597 15708 L1571
Wg(1.51,r) | -.49617 -.h952 .11206 . L1117
Wg(1.51,r) | -.29237 -.2919 -.26710 -.2665
Wio(1.51,r) | .b2LO5 229 .10859 .1087

It 1s clear that error in the method of characteristics has entered
the third decimal plece in a few places. For this reason the table can
be relied on only to gbout 0,001 in the region covered by the method of
characterisgtics even though the error will usually be less. It should
also be noted that even though the table is smooth to the fourth decimal
in any of the three regions of sketch (a), it is smooth to only about
0.001 in crossing the boundary between the power series and the method of
cheracteristics. '

In conclusion it should be mentioned that the method of characteris-
tice tended to deteriorate in an osclllatory instebility similer to that
for the integral-equation method. This oscillation was detected by
keeping & running check on the fourth differences as the calculations
proceeded. As soon as evidence of osclllatory instability was detected
in the fourth differences, the calculation was backed up in x and the
calculated values were smoothed before continulng., This technique was
not tried in the integral-equation method.

Physical Interpretation of Wp(x,r) Functions

The Wﬁ(x,r) functions have the physical significance of cylindrical
pressure waves assoclated with a step in the radius. of a streamwise quasl-
cylindrical body as shown in figure 2. This figure, which applies to the
Wo(x,r) function, shows a remp of slope T and of length dx. As the
flow passes over the ramp, it first goes through an oblique shock wave.
Then at the end of the ramp 1t undergoes a Prandtl-Meyer expansion to
negative pressure with an asymptotic approach back to free-stiream pressure
behind the remp. The negative pressure field is -2Wo(&,r) where :
E=x-1+ 1, This result gives a clesr physical model for the Wy(x,r)
function which simplifies actual pressure-distribution calculetlons. In
the theoretical sense we must let the product . T dx remain unity as dx
approaches zero to get a mathemstically precise model.
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Consider now & mathematicel demonstration that the negative pressure
field is, in fact, represented by the Wo(x,r) function. An equation for
the pressure field of & quasi-cylindrical body is derived in Appendix A.
For & remp of the present type, equation (All) gives (with a = 1 and B = 1)

0 X=-1I+1
P = QZ [fm(x -r+1) - f Pl E)Wp(x - v + 1 - g,r)dg}cos ms

NT

N
m=0 : o . (3)
where . S .
dr oo
—-d;> =me(x)cos mo (%)
To=1l p=
is the slope of the ramp. In this case we have
f(x) = 7 0<x<ax
(5)
fp(x) =0 m>0
80 that the pressure field is
p-2x-r+3) Wo(x - r + 1,r) (6)

An interpretation of equation (6) term by term is instructive. The
pressure on the ramp is given by the first tgm which represents the
direct effect of the obligue compression wave. For r = 1 the value of

27 is the pressure coefficient that would be calculated by two-dimensional

theory. This pressure then propagates outward along the characteristic
and is attenuated inversely as the square root of the radius as shown in
figure 2. The pressure behind the ramp would return to free-stream pres-
sure once the flow straightens out 1n the free-stream directlon 1f the
flow were two-dimensional. However, because of the three-dimensional
nature of the flow, it actually undergoes expansion to & pressure below
that of the free stream and recovers back to free-stream pressure as it
progresses downstream. The pressure coefficient of this overexpanded
field is the second term of equetion (6), -2Wo(x - r + 1,r). The attenus-
tion of the pressure field along the characteristics ls represented by the
dependence.of Wo(x - r + 1,r) on the second independent variable, r. The
physical gignificance of the Wm(x,r) functions is analogous to that of
the Wo(x,r) function, except that the amplitude of the pressure waves
varies as cos m@ around the body.

'!If
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Mathematical Properties of the Wp(x,r) Functions

Many of the masthematical properties of the Wm(x,r) functions are
useful for both calculative and analytlical purposes. For this reason
some of these properties are now listed.

1. The Wy(x,r) functions are the solutlons to the partial
differentisl equation

O3y oWy, oW
_arzlﬂ+%§1‘i-__anzlﬂ-§_:wm=o (7)

with the boundary condition

NT=X-Tr+1=0

o = QL0 (o) | (/) urfr) o

W _
E_O at r=1 (9)

2. The Taylor series for the Wy(x,r) functions can readily be
deduced from the definition

) = 1) T | 2

Kn'* (s) T?] (10)

by teking the inverse transformation of the asymptotic expansion term by
term :

Wo(x,r) = -81_\:’? <3 + %.'- - -IESTECL:L + % + I%-)x + 0(x2) (11)
_ 1 1 m2 1
() _86<3+?>+24?< -F>+O(x) (12)

It should be rioted that the values of Wy(0,r) are known exactly,
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3. Asymptotic formulas for the Wpu(x,r) functions can also be
determined for large x _

4y L -m ) : a2m+2
Hn(x,) ~ L(Km }))2 e 1 1) 3) 5 =fo a3
Wolx,r) ~ i% - E(rx; 1) + 2i4 (12 log 2x - 6 log r +
or2 - 12r - 13) + o<§1§> (1h)

4. Certain integral properties of the Wp(x,r) functions cen be
proved:

X

1 1 1
J Wolt,m)ae ~ & - &+ o) )
X
f EWo(E,r)at ~ -(1 + log %) + log x + o@) (16)
L
fXW ( 1 1 .
m(&,r)dE “Fr +0 X20T (17)
/ E
fx 1 1 '
EWn(£,7)aE ~ 5 + O =5 (18)
(o]

5. The zeros of Wm(x,r) exhibit some Interesting propertles., As
m  Increases, the mmber of zeros increasses within the range of the cal~
culstions. To & close epproximation, but not exactly, the zeros are
evenly spaced. The number of zeros appears to be finite because Mersman
has proved that if .x 1s increased indefinitely, the function becomes of
invariable sign. . ' . '

6. It is interesting to note that W functions of half order can
be expressed in terms of elementary functions. The first two functions
are:

Wisa(x,r} = 2]' eX/2 (19)

9
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Was2(x,r) = ﬁé{lg%gl;k e~ 3%/ 4 cog f%% X +

3

(3r/8) + (3/%) [16 - T
w3/ 2 s © X/ %gin 1—2 x (20}

Only very rough values of Wg, Wy, Wp, ete., can be obtasined by
interpolating in m between known values of Wpyyi/oe

ILLUSTRATIVE EXAMPLES

To show how the Wp(x,r) tebles can be used to calculate aerodynamic
quantities, the tables will be applied to the calculation of the pressure
field due to an indented body, the flow field of an infinite cylinder
moving axially in a viscous incompressible fluild, and to the wave drag
of corrugated bodies. These aerodynemic examples were chosen because
they have hitherto not appeared in the literature. In a subsequent sec-
tion, other aerodynemic applications will be pointed out as well as
certain nonaerodynamic applications.

Pressure Field of Body With Indentation

As a first example of the use of the functions, let us compute the
pressure field of a body with a concave indentation such as might result
from an application of the transonic area rule. (See sketch in fig. 3(a).)
The radius of the indented body is given by

ro=a—ll-‘5<%><—%>; 0O<x<ec
=a ; c<x (21)
The shape of the indentation is
dro _ ) 2x\ |
E"L‘E< -%)s O0<xc<ge

=0 ; e <x (22)
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For an exlally symmetric body only the Wo(x,r) functions need be used.
From equation (Al)

fo(x) -h%(l -%); 0<x<ec

0 ; c <X (23)

For 0 < x < ¢ equation (All) ylelds

W, ko N w6

A Ny N o b
1-%:?)@ (2k)

which with the substitutions

X C
X¥ = — c*_.Eg, ¥ =

5e , ¥ =x¢-re+l  (25)

L]

becomes

*/o% ¥
B _ -8[1 - 3%/ ) -f ( - 2w - n,r*)dn] (26)

8/c

For x > ¢ we obtaln

BPo _ Bf ( - —Tl>Wo(T]* - 1,r¥)dn (27)

3/c

Formulas (26) and (27) give the pressure on the body in a form amenable
to numerical integration using the tabulated ¥alues of Wo(x,r). The _
integrations have been carried out for values of r/a of 1 and 2. The
results in figure 3 are spplicable to any concave indentation at any
supersonic Mach number. Both axlally symmetric and cos 29 indentations
are covered.
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Velocity Field of Circulsr Cylinder Impulsively Moved in
Axial Direction With Comstant Axisl Force

The following example illustrates how the W functions solved cer-
tain problems involving the same differential equation as that governing
unsteady heat conduction. In fact, the example considered here is a
golution to the Navier-Stokes equations. In reference 9 Batchelor, using
asymptotic methods, calculated the skin friction acting on an infinite
cylinder of circular cross section moving axielly with a step in velocity.
In this example, we consider the analogous problem for a unit step in
axial force applied at time +t = 0. Let w(r,t) be the fluid velocity
parallel to the axis of the cylinder. The differential equation for the
veloclty field of & viscous incompressible fluld 1s in this cese

Fw 3w _ 1w (28) r
3% d¥y* Vvt
w(r,0) b
wherein v 1is the kinematic vis- r
cosity. The equation i1s to be
solved subject to the boundary ) w g ..
conditions as shown in sketech (e). 0

w=20 for t <0C
(29)

ow _ To A;
— = —= H(t h v =
( ) & r & w(r’t)

Here H(t) is the unit step func- 6

w
tion of Heaviside, p the absolute
viscosity, and To 1is the uniform
value of the skin friction per unit (b) t>o0
area. induced by the constant axial
force. Sketch (c)

To solve equation (28) first introduce the variables % = vt/a2
and r* = r/a ‘to obtain

% 1 ow _ ow .
502 * T 3ex " Ber =)

subject to the conditions

w(T*,r¥) =0 ™ <0

(31)
oW = BTo g(rx) '

Or#* B
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Introducing the Laplace transformation

o

W(s,r*) = L{w(T*,r*)] =f e-m’* (T*,r*)aT* (32)

[¢]

equation (30) becomes

FF 1 W ' :
ar;; T* a:* - 8w =O (33)

A solution to this transformed equetion of the following form will sa‘tisfy
the boundasry conditions

W = Co(8)Ko(r* Va) (3%)

where Co(s) ig a function of 8 chosen to satisfy the second boundary
condition of equation (31)

ar* = L(B:-) <aTO> 5 = Co(8)Ko! (r*Ns) V5 ; r=a (35)

Thus

aT Ko(x* N'8)
w(s,r%) = < o) T s (36)

It is now desirable to rewrite the eguation in a different mathematical
form which is better adspted to evaluation by use of W functions.

W(s,r*) _ o= N8(r*-1) [eﬁ(r*-:} Ko(r¥ -NB) | 1 } o NE(w*-1)

ato/p s N Ko'(ﬁ) ooy g3/ 2,1/ 2
(37)
. FProm the definition of the W functions
- _ . -* \f_s') - 1
Wol(m*,r*) = L 1[e\[§(r* 1) Kolr + :I (38)
o Ky (Ve) N

and the following relationship from Leplace transform theory (see ref., 10)

L-l[ésg)} ;* f e~82/aT* o 5)ag (39)
EN
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we obtain

- JS(r*-l) *E
lle KO(r S) 1 J= 1 W % -52/41'*& ll_o
[ N R G = (9

At this point it is interesting to observe Jjust how charsascteristic
functions which solve the wave eguation also yield solutlions to the
unsteady heat-conduction equation., The solution in the Lsplace transform
plane (eq. (36)) in the present case involves Bessel functions containing
the square root of s, whereas the corresponding solution for the wave
equation would involve Bessel functions containing the first power of s.
The relationship between the inverse transforms of a function of s and
the same function of the square root of s 1s given by eguation (39).
This equation can be thought of as converting a set of characteristic
functions for the wave equation into & corresponding set of functions
for the heat-conduction equation. In the present case the new functlon
is represented by the Integral of equation (40) which is easily evaluated
because of the negative exponential.

The first term on the right-hand side of equation (37) cen now be
eveluated with the aid of the convolution integral and the following

relationship
_l[e-'JE(r*'l)] = orf r* - 1 (hl)
8 :

Thus

L-l[e_mr*-lﬂ[e@r*-l) Ko(x*WE) | _1 ]
8 N Ko!(N8) Ner*

T% 1 dg (=]
_ TH - _52/45
= L[ erf[:(e*ITT—_—E)\ng J e Wo(s,r*)ds

'82/4§ ¥ - 1

=f Wols,r )dsf L— e::‘fc:(2 e
o)

=fm Wo(s,r*){gj;f; e@[_ (s + zi*- 1) :l (8 + r* - l)erfc(B + r¥ - l)}ds

o]
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The second term on the right-hand side of equation (37) ylelds

L'l[i::iggii:il].= gy/ég exp[— ﬁff;:—ilf] - (r* . 1)erﬁc<f* - 1

_s3/2 % ToNTE
(43)

We can now write the solution to the problem in the r¥*,t* coordinate
system :

E%géiﬁ;l =\Zénwo(s,r*){%4[%§ exp[—&ﬂiﬁéillf} -(s+r*-l)erfc<§§§%%%)}-ds—

T* (r*-1)2| rx-1 __ . (r*1
(o5 onl 52 72 (55} ()

This equation can be used to calculate the fluid velocity by numerical
integration using the tabulated values of Ho(x,r). The negative
exponential functlon aids convergence of thé infinite integrals.

A systematic series of calculations has been carried out to establish
the variastion of velocity with time shown in figure 4. The velocity pro-
files given by w(t*,r*)w(r*%,1) are shown in figure 5. To find a dimen-
sionless type of velocity profile relatively insensitive to ¥, it is
first necessary to define a boundery-layer thickness. This is arbitrarily
taken to be the radiasl distence at which the velocity falls to 1/100th
of the velocity of the cylinder. The boundary-layer radius 3 in
multiples of the body radius on the basls of this definition is shown in
figure 6. The approximate relationship for small values of %, later
derived, is also shown on the curve. The boundsry-layer thickness tends
to increase as the square root of the time,

The veloclty profile can be specified in dimensionless form in terms
of the coordinates w(t*,r*)/w(T*,1) and (r* - 1)/(8% - 1). These curves
have been calculated for several values of 5% and are presented in
figure 7. An item of particular interest is that for values of d%
from O up to 3, there is not much change in the shape of the velocity
profile. This result means that the following method of specifying the
velocity distribution for 7% = O will hold over the low range of values
of 7%, The explicit analytical results for <% = 0 are obtained by
the usual methods 'of Laplace transform theory as follows:

w(r*,r*) -1 1 Ko(r*vNB) h-_
aTo/ 1 " [53/2 Ko'(G)J (k)
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. e -r* 8 _ 1
Ko(z* VE) o~ e 1 8r*\/_s'+ . . ) (46)
1N ,.-/L -N8 3

)R T [ G D] o

Thus for small T*%

T* ¥ - o~E*-1)Ns -1 o-@*-1)NE
ﬂ_:r_)=_1, [1 ]+L [%(34.%)%},

a8To/1 NT® g2

(49)

Taking only the first term, we obtain for small T

w(;:,/r:) . m{ JT_* [ (r* - l) ] (% - 1)e;fc<r;j;_ )} (50).

and for r¥ = 1

w(T*,1) T
W/“ = -2 J; (51)

The velocity profile is given by

Vo et e () o

When r¥ = 8% the velocity hes fallen to 1 percent of its surface value
80 that equation (52) gives

[ﬁ’*h;“l)] ~r<2~j% efc(sa*J;_*>=ﬁ (53)




22 _ _ , NACA TN 3873

The solution to this equation is -

0% - 1
Eai o4

where k is & function of &%, and the velodity profile is then

o (T::f:; A EEER)° r;;(a* h o 1 l)erfcl:<5* - )] (55)

The solution to equetion (53) when 7% = Q'and r* = 8% = 1 is k = 1.606.
Equation (55) then yields the T% = O profile shown in figure 7. The pro-
files for the other values of 7% ghown in this figure were obtained by
mesns of the exact method of equation (44). Tncluded. for comparison is
the Blasius profile, with the boundary—layer thickness defined the same
way as for the present calculations. -

It should be noted that the % = O profile cannot be cbtained from
equation (44) but must be obtained analytically. It can be seen from
figure 7 that the T*= 0 profile glves a good approximation for all T*.
To obtain & more accurate analytic profile for % > O egyation (53) can
be resolved to obtain a new value of k and equation (55) again used.

The present profiles are noticesbly fuller than the Blasius profile,
a reflection of the fact that the profile is for a constant shearing
force rather than a constent cylinder velocity. For the case of constant
cylinder veloclty calculated by Batchelor, reference 9, the skin-friction
variation with time for a cylinder closely follows that of an impulsively
started flat plate (Rayleigh's problem).

Wave Drag of Quasi-Cylindrical Bodles:
Corrugated Cylinder

Another example of the utllity of the W functions is thelr use for
the purpose of evaluating the wave drag of quasi-cylindrical bodies. The
general formuls for wave drag can easily be derived by integrating the
pressure dlstributions. For r =& equation (A11) for the pressure
coefficient ylelds_

_g cos mal:fm(x) - —f m(§ m( Bag s 1)(1&] (56)

m=0

e
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with the slope of the body given by

2]

= me(x)cos mg (57)
Ir=8a,

m=0

drg
dx

The drag acting on a small element of the quasi-cylindrical body is
dr
dDg = gPa Tx‘l ds dx (58)

The total drag between statlons x =0 tox =1 is

= %[yzni(cos me)[fm(x) - ;z[xfm(g)w EB;aé s l)d&:,

[¢} m=0

Z[fn(x)cos ngldx de (59)
n=o

With the definition

a1 )
7\m,n=f cos md cos nf 4o
o}
An,n = O m#n g (60)
= 21 m=n=90
Am = m=mn#0 m,n integral J
we establish the drag coefficient
BDB 2 \ L 1 * x - &
BCD, = Gt = o7 me f [fm(x) --B—af fm(g)wm< 5a l>d§fm(x)d_x
m=0 [¢) (o]

(61)

The drag of any quasi-cylindrical body at any supersonic Mach number can
be obtained by a direct appllcation of the preceding drag formuls using
the tabulated values of the Wm(x,r) functions. For the case m = 0 of
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an axislly symmetric body, the formule cen be put in terms of longitudinal

area distribution similar to the well-known drag formulas of slender-hody
theory.

A series of systemstic calculations based on eguation (61) have

been made to determine how the wave drag of sinusoidally corrugated bodies

varies with length of corrugation, A, number of corrugetions, n, and
harmonie of corrugaticn, m.

—

r
-y

Sketch (4)

The shape of the corrugations is specifiled by the coordinate system
shown in sketch (d). If r, is the radius of the surface, we have

To = 2 + h sin Ex%cosme (62)

where N 1is the corrugation length, and m the number of the harmonic.

dro _ 2mh cos X cos mo- (63)

dx A A

The value of f£(x) is thus

Tp(x} = g§2

X .
co8s 2x X (6h)

and is taken independent of m., The drag coefficlent of the corrugated
body is easily calculated by substituting fp(x) from equation (64) into
equation (61) and performing s numerical or graphical integration,

1
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Before examining the results of the systematic calculations, let us
determine the drag of the corrugated body on the basis of two-dimensional
flow. This drag will act as a standsrd by which to normalize the three-
dimensional drag coefficients. In this manner we can see how important
the three-dimensional nature of the flow is in determining the drag. The
two-dimensional drag is calculated by neglecting the W, term in equa-
tion (61) since all three-dimensional effects enter through this term.
Thus, based on two-dimensional theory,

nA
Bop, = Z M [ EpP(x)ax
o]

27(2h2 2
= = crn 20 X
= k‘> \/ﬁ cog2x N dx
[e]
2
= 2 5 [2xh) (oA
- 2 (22) (2) (65)
AN
BCD2=2<T m =

2
BCp, = <2_7\@> -

The ratio of the drag calculated by three-dimenaional theory,
equation (61), to that by two-dimensionel theory, equation (66), is
plotted as a function of wave length In figure 8 for bodies with ane
corrugation and with an infinite number of corrugations. Examining the
results for m = 0, the axially symmetric case, we see that an Increase
in wave length to many multiples of the body redius will effect some
drag reduction below the two-dimensional value. However, 1t is seen
that the drag coefficient 1s very insensitive to the number of corruga-
tions. What this means 1s that for a corrugstion of the present type,
the interference of all upstream corrugations 1s negligible. The drag
reduction below the two-dimensional value comes sbout almost entirely
through interference between the various parts of a single corrugation.

I
o

(66)

1,2,3, « -« «

The case for m = kI presents a somewhat different picture from the
= 0 case, The result of three-dimensional effects is to cause an
increase in wave drag before the large decrease. There is a substantisl
difference between the n = 1 and n = o cases for the longer wave lengths,
showing some appreciable effect of interference on a given corrugetion
because of the upstream corrugations.
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It should be stated that the drag coefficient for an infinite number

of corrugations can be obtained in closed form on the basis of work in .

reference 1ll. For an infinitely long corrugated body given by

on (67)

ro =& + h cos fx cos mb ; f = >

the potential for the flow is

(vn) In'(Bfe)In(Bfr) + Yn'(Bfa)¥m(pfr) oo oo o
[9n' (Bfa)]® + [y (pre)]® _

<¥¥> In' (BTe)In(Brr) - Yn'(BTe)Im(BET) 1 o cosne  (68)
[T (pfa)]1® + [Yy'(pfa)l® _

The drag petr corrugation 1s

5
D . 8xn2/p2 . “m=o0
9 J,3(pfa) + Y,3(pfa)
y (69)
D. hota®/p2 5 m=1,2,3, . . .
L [an(pfa)i® + [Yy'(pfa)]® ]

OTHER APPLICATIONS

To suggest further uses of the W functions several other problems
to which they are applicable will now be descrlbed. The problems to be
mentioned will be classed under the headings of bodies alone, body-body
or shock-body interference, wing-body interference, vortex-panel inter-
ference, and nonaercnautical applications, In all ceses the bodles are
assumed quasi-cylindrical and of nearly circulasr cross section.

Bodles Alone

By the use of the present tsbles, the pressures cen be calculated
for any quasi-cylindrical body, no matter how irregular. The number of
harmonice required.to give a good approximation to the pressure field
depends on the number of harmonlcs necessary “to obtain a good representa-
tlon of the cross-sectionel shape at various crossflow planes. A use to
which the Wy(x,1) function has been applied by Lighthill in reference 3
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is the calculation of the pressures on the ocutside of a duct model at

M =1.5. Another example of a body-alone sppllication is the unsteady
slender-body solution obtained by using the wave equation in crossflow
plenes rather then Laplace'!s equation. This intuitive approach was used
by Miles, reference 12, to calculate the transient loading on slender
bodies of revolution. Miles concludes the method is useful for obtaining
asymptotic results., What further usefulness the method has, if any,
remains to be seen,

Body-Body or Shock-Body, Interference

Frequently a body acts in the
flow field of another body &s in the
case plctured in sketch (e). The
interference field on the satellite
bodies and on the central body can
be calculated to the order of guasi-
cylindrical theory. The effect of

pylons can also be included. i
Friedmsn and Cohen, reference 13,
have calculated the minimum wave \

~

drag for configurations similar to
that of sketch (e) but using pointed
slender satellites. The simplifying
assumptlons made in their analysis
are violated for positions of the
satellites near the body. Such posi-
tions can be handled by the present
method although multiple reflection
will unquestionably complicate the
problem.

Sketch (e)

An example of shock-body interference to which the present fumctions
have been applied 1s the calculation of the pressure field acting on a
circular cylinder intersected by an oblique-plane shock. This work was
accomplished by Phinney in reference 7. F¥or this application functions
of odd and even orders are required.

Wing-Body Interference

The W functions of all even orders but zero originally were cal-
culated to solve problems of wlng-body interference in supersonic flow;
in particular, the interference pressure field between a cilrcular hody
end a flat rectangular wing, reference 1. Tt is possible to determine
similar pressure fields assoclated with wing incidence and angle of attack
for combinations employing wings with swept leading edges, provided the



28 L _ NACA TN 3873

edges are supersonlc. The necessary veloé¢lty asmplitude functions for . -
the wing-incldence case are listed in the!Appendix of reference 6. It . 0z
is possible to calculate the pressure field 6f quasi-cylindrical body-

wing combinations, provided they possess & horizontal plene of symmetry

and are acting at zero angle of attack. In view of this fact, it is ) -
possible to determine the shape for minimum wave drag of such configurea-
tlons. This has been done for certain swept-wing configurations at
supersonic speeds in reference 1k. This method can, in principle, be ] o
applied to quasi-cylindrical configurations which are not slender, whereas '

the supersonic area rule cannot. '

[

il

Another problem of wing-body
Interference that can be solved by
the presént tebles is the calculation
of the pressure field on the tlp tank
of a symietrical configurstion such
as that shown in sketeh (f). For
zero angle of attack W functlons

of 0dd and even order are needed to '
———j::::] calculate the pressure field. TFor
the pressure field dune to wing inci- =’

dence or "angle of atitack of the con-
figuration, it 1s necessary to use W
functions of fracilonal order; namely,

Wl/2’ Ws/a, WS/Z’ ete. It 18 Lo Dbe l
noted ithat these functions can be

calculated in terms of known functions,

7 s

Vot

N\ N

\ and the first two have already been
given in the section on mathemetical
Sketeh (f) properties of the Wp(x,r) functions.

Vortex-Panel Interference -

Vortex interference on wing panels can occur as a result of vortices
arising on-the nose._of a body sweeping oveér the wing panels as shown in
sketch (g). Similar interference arises &s the result of wing vortices _

- . - =

Sketch (g) ' - _
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sweeping past tail panels. The action of the vortices and their images

to the first spproximation is to cause a variation in the local angle of
sttack at each spanwise station with negligible chordwise camber. Accord-
ingly, the wing panels cen be assumed to be twisted by the amount of the
change in local angle of attack due to the vortices, and to act in a
uniform stream. No change in body shape is required because the vortices
and imsges produce no flow normal to the body. It is possible to calcu-
late the total 1ift on the tail panels and that on the body due to the
vortices using reversibility theorems similer to those of Heaslet and
Spreiter in reference 15.

Consider the tail to be uniformly at angle of attack wp and the
body at angle of attack ag. Let oy be the angle of attack induced on’
the tail by the vortices, and assume it to depend only on lateral posi-
tion, y, although this restriction is not mandatory. The value of ay

for the body 1s zero since the .
external and Imsge vortices nﬁuvi ///4;7 ///§:7
B8 G

produce no flow normal to the L
body surface. Consider the & & - 8

&

ag
decomposition of the boundsry
conditions shown in sketeh (h). \A
Conditlion A represents the
body-tail combination with A
vortex effects and condition B

represents the body-tail com- Sketch (h)

bination without vortex

effects. Thus condition C 2y, at,
represents vortex effects on v v

the body-tail combinstion. To 8 8, 8 - 8 82 &
evaluate the 1ifts on tall and

body in condition C, let us use ‘\\\\:25 Af:////
the reversibility theorem for

the conditions of sketch (i). Sketch (i}

Let AP; bDe the loading on the sweptback combination and AP, be
the loading on the sweptforward combination with angles of attack as
indicated. Then

[[oessn a5y + [[oesag os = [[apsag a5y + [[secag asy  (70)
5 51 5 57

where Sy is the tail-panel area and Sp 1is the body plan-form area.
The loading coefficients and angles of attack are to be taken at corre-
gponding points in direct and reversed flow. To obtain the 1Lift on the
tail panels due to the vortex, let
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ag, =0, oap, =ay, o5, =0, ap, =1 (1)

and call the loading on the reversed combination due to unit tail
incidence (AP)“T=1° Equation (70) then gives

=\Z7h(ﬁf)1dST =kz7m(Af)mT=r“VdsT (72)
St Sp

where Lp(y) 1s the 1ift on the tail panels due to the vortices. Since
oy depends only on y, we can carry out a chordwise integration

f (8P)y, = 22VEST = favdyf (AP o0 (73)

root

The chordwise integration from leading edge to trailing edge yilelds

(CCZ)GT=1’ the span loading associated with (APZIT:I. Thus
tip
Io(v
ZO = [ (eer)y vy (%)
root

The 1ift on the tail panels due to the vortex can thus be obtained by
integrating the product of the local span loeding and engle of attack
acrogs the panel as in strip theory.

Thus the span loading on the tail for unmit-tail incldence for the
combination in reversed flow is the influence coefficient for calculating
the panel load due to the vortices by strip theory. To obtain (ccz) for
the comblnation requires solving a wing-body interference problem which
cen be done by W function methods. The values of gpan loading for
rectangular panels and body combinations are given in reference 1, and
can be used to calculate 1lifts on rectangular tails in nonuniform streams,

To obtain the 1ift on the body due to the vortices, let -

ag, =0, op =ay, ag,=1, ap,=0 . (73)

in equation (70). Call the loading on the reversed combination due to
unit angle of attack of the body (AP) _— Then the 1ift on the body due
to the vortices is :
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A0 - [ [l om0
5B Sp '

Since ay depends only on y, we can Integrate out the chordwise distance
to obtain

tip

B f (ce1)g sovey (7)

root

It is seen that the span loading on the taill due %o unit body angle of
attack for the combinatlon in reversed flow is the influence coefficient
for calculating the body 1ift due to the vortices by strip theory. The
values of (ccz)aB=l for rectangular panels is given in reference 1.

Nonaerodynamic Applications

Acoustica.- The direct acoustic analog of the wing-body interference
problem involves the two-dimensional sound waves generated by a pulsating
circular boundary which was initially quiescent. The potential for such
g sound fleld obeys the wave equation

2 2 2
S , 99 _1 9%
== 'a?g' oZ 32 (78)

where e 18 the speed of sound in the undisturbed medium and t is the
time, The boundary conditions are

o =0 ; t <0 A
«©
%‘E: Za,n(t)cos no at r=a > (79)
=
o —=>0 as r—->oo‘ J

The second boundary condition specifies the shape of the pulsating circle
as a function of time. The solution to the problem is readily obtained
in terms of W furctions.
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Heat conduction.- The solution for the velocity profile developed
by & circular cylinder in & viscous fluid caen be applied to the two-
dimensional heat conductlion from a circular cavity into an infinite sur-
rounding medium where the heat is transferred uniformly at a given rate
around the circumference, Let ¢ be the rate heat is supplied at the
periphery for unit ares per unit time, and let the temperature T depend
only on radial distance 1r. The analog ig then as follows:

Viscous Flow

Variables:
w, axial velocity
t, time

Differential equation:

= kinematic viecosity
Boundary conditions:

w=0 3 t <0

v _To H(t) r=a
or H
To = 8kin friction .
p = absolute viscosity
H(t) = Heaviside step function

Dimengionlesg variables:
™ = vt/a2

r* = r/a

Q
"

Heat Conduction

T, temperature

t, time

"% | ¥
—x—z- +

Fr_ix
2 2 kot

WIH

"k = thermal diffusivity

[
o

e

% H(t) ; T

="heat-conduction rate

=3
Il

thermal diffusivity

]

% = kt/a®

r* = r/a

The analog shown here permits the calculated results for viscous flow to

be directly applied to heat conduction.

If the quantity gq varies with

angle eround the circumference, then W functions of order higher than

Wo will be involved in the solution.
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Other fields.- For any physicel phenomenon obeying the two-dimensional
wave equation or the unsteady heat-conduction equation, problems solvable
by W <functions can be constructed. The boundary-value problems should
generally be those of the second kind with circular boundaries; that is,
the normal derivative of the function should be specified on the circular
boundary. An essential feature is that the entire field should be quies-
cent for all time less than a certain time. For problems in which the
motion has been going on forever, such as sinuscidal oscillations, the
W functions will not usually enter the solution. The infinite corrugated
cylinder is an example. Some fieilds in which analogs can be constructed
include oscillations of a free fluid surface under the action of gravity,
vibration of membranes, acoustic waves of vibrating strings, etc.

Ames Aeronsutical ILeboratory
National Advisory Committee for Aeronsutics
Moffett Field, Calif., Sept. 26, 1956
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APPENDIX A

PRESSURE FIELD DUE TO QUASI~CYLINDRICAL BODY

4
z
4 P(x,r, 8)
fo
I 7‘
= |
\
I—‘ZQ
«
Sketeh (j)
Consider an infinitely long surface which lies everywhere near the =

cylinder r = a and which deviates only slightly in streamwise slope
from the stream direction as shown in sketch (j). For such a quasi-
cylindrical body the local body radius, ry, msy be taken nearly equal to
the constant radius, a, of the cylinder. Let the streamwlse slope of
the quasgi-cylinder be specified by

(o)
&ro E:[fm(x)cos w8 + gy(x)sin mo] (A1)
X | ro=a .
m=0
and
ro =8 when x =0 (a2)

The cosine terms apply to a quasi-cylinder, the horizeontal plane of which

is & plane of symmetry. The sine terms apply when the surface slopes

dro/dx are reversed for corresponding points above and below the hori-

zontal plane., Let us now derive an expression for the pressure fleld

external to a quasi-cylinder with a horizontal plane of symmetry

retaining only the cosine terms. The analysis is ldentical for the -
sine terms. '

The linearized differential equatilon. of steady supersonic compressible C_
potential flow to be satisfled is
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1 1
qu)xx'q’rr'EcPr'r_quee=o (A3)

We introduce ¢, the Laplace transform of ¢,

(o]

o(s) =f e %p(x)ax (ak)

(o]
subject to the boundary conditions that

o(x) =0 x <0
Then the transformed equation is

L 1

Srr + 3 ®r + =5 Ogp - p2s2¢ = O (A5)

The solution of this transformed equation subject 1o the boundary
conditions of equation (Al) and of no upstream waves is

v N Kq (Bsr)
® =55 ZFm(s) o (poa) o (46)

m=0

The pressure coefficient is

¥ (gsz)
P =_2( 2 BX) =-_§ L . mZOFm(S) 'I%;Y cos8 m& (AT)

To determine the inverse Laplace transform of eguation (A7) requires the
introduction of some previocusly untabulated functions defined as inverse
Laplace transforms.

Wp(x,r) = L-l[es(-r'l) -E:% +%:] (A8)

From this definition and the properties of Laplace transforms, the
following equalities can be written
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L'l[pm(s)e'ﬁas@'f)] - sz - pa(% - )] (85)

-2 saé(é-l) Km(psr) . _1 }_1_ <1 .1:>
L l:e B Kml(Bsa) + r./a pa Wit Ba ’ & (AlO)

From these egualitles the pressure coefficient anywhere in the external
field can be written for any quasi-cylinder of nearly circuler cross
section, ' '

2 N fmlx. -~ Ba(r/a - 1)1
P == cos mg -
P mzc; Vr/e
x-pa(E -
'SL:; f £ €)W 25 - <§ - ) - & §]dg (A11)
Q
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